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Knots and links are fundamental topological objects play a key role in both classical and quantum
fluids. In this research, we propose a novel scheme to generate torus vortex knots and links through
the reconnections of vortex rings perturbed by Kelvin waves in trapped Bose-Einstein condensates.
We observe a new phenomenon in a confined superfluid system in which the transfer of helicity
between knots/links and coils can occur in both directions with different pathways. The pathways
of topology transition can be controlled through designing specific initial states. The generation of
a knot or link can be achieved by setting the parity of the Kelvin wave number. The stability of
knots/links can be improved greatly with tunable parameters, including the ideal relative angle and
the minimal distance between the initial vortex rings.
I. INTRODUCTION
Knots and links are of great interest in many areas
of science including physics, chemistry and biology. Al-
though they commonly form in nature, everyday occur-
rences we have all experienced, it is difficult to achieve the
controllable formation of these structures with complex
topologies. Experimental and theoretical observations
of knots and links exhibit highly divergent and nonlin-
ear dynamics, which is vital for understanding various
persistent phenomena and turbulent behaviors, ranging
from water [1, 2], superfluid systems [2–7], plasma [8, 9],
agitated strings [10], to liquid crystals [11, 12], and with
increasing importance in a variety of scenarios, such
as synthesising DNA/RNA in biological systems [13–19],
and molecular designing in chemistry [20–23]. In quan-
tum fluids, knots and links are the tangled filaments of
vortices. Ultra-cold atomic Bose-Einstein condensates
(BECs) provide a controllable platform for both com-
prehensive theoretical studies of these topological exci-
tations and direct observations of their dynamics using
tunable parameters. The discrete filamentary nature of
vortices is an advantage of quantum fluids in studies of
vortex interactions and reconnections over ordinary flu-
ids. Additionally, this characteristic is helpful for un-
derstanding behaviours, such as various persistent phe-
nomena and turbulence, in viscous classical fluid and bi-
ological systems due to similarities discovered in previous
research [1, 2, 4, 13, 24].
Great efforts have been made to create knots and links
in different classical contexts. For example, isolated tre-
foil vortex knots and pairs of linked vortex rings were
∗ yangt@nwu.edu.cn
† wmliu@iphy.ac.cn
created in water using a method of accelerating spe-
cially shaped hydrofoils produced by 3D printing technol-
ogy [1], isolated optical vortex loops in the forms of knots
and links were realized by optical beams with using alge-
braic topology [25], and many others including those in
biology and chemistry. However, the generation process
of knots and links remains challenging in quantum fluids.
Further study has been hindered by the lack of techniques
to generate knots/links. Most of studies of fluid systems
and the DNA replication process have been mainly per-
formed in homogeneous systems, away from boundaries,
to study the dissolving of knots/links [2, 4, 7, 18, 26–28]
or head-on collisions [29, 30], where only standard recon-
nections occurs. In this process, the reduced complexity
of the topological structures is identified through step-
wise reduction, which show the transfer of helicity of the
system evolves only in one direction from knotted/linked
structures to helical coils. A recent study [31] observed
the boundary effects on vortex dynamics that allow dou-
ble reconnections, rebounds, and ejections of vortex lines
in a cigar-shaped atomic BEC in addition to standard re-
connections in infinite uniform fluids. Changes may also
occur in the dynamics of vortex structures with complex
topologies in confined systems. Experimentally, conden-
sates are confined in optomagnetic traps, which are suit-
able for exploring confined systems with different geome-
tries.
During the reconnection process, cusps are generated,
and the vortex lines are excited by Kelvin waves, helical
perturbations that travel along the vortices, as they re-
lax [31, 32]. In turn, the Kelvin waves provide a source
of perturbations for the motion of vortices. The Kelvin
wave cascade generated in superfluid turbulence reflects
the importance of Kelvin waves and reconnections in the
transfer of energy [32], which may be exploited to sta-
bilise vortex structures. The knots/links dynamics with
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2Kelvin perturbations in confined systems remains a topic
of research. The objective of our study is to make the re-
connections of vortices occur controllably and then form
the complex structures wanted in confined BECs.
II. MODEL FOR NUMERICAL SIMULATIONS
To achieve the goal of generating knots/links, we use
the topologically trivial objects, that is, vortex rings in
a spherical BEC, as building blocks. A vortex ring is a
stable nonlinear excitation mode that can be simply de-
scribed as a vortex line that has been bent into a closed
loop. In a trapped BEC, a vortex ring moves in response
to the effect of the nonuniform trap potential and the ex-
ternal rotation, in addition to self-induced effects caused
by the local curvature of the ring [33]. By introducing
Kelvin waves into the system, the vortex ring is modified
by periodic distortions, which reduces the translational
self-induced velocity of the vortex ring [34, 35], and adds
helicity to the vortex ring. In ideal fluids, which lack vis-
cosity, helicity [36] is a conserved quantity that measures
the degree of knottedness and entanglement of a fluid
flow. Helicity can be stored by twisting, writhe (coiling
and knotting), and linking [9]. In quantum fluids, helicity
varies with topology-changing reconnections and changes
of geometry in helical vortices. We discuss the evolution
of helicity in detail in Supplementary Information.
The interaction between vortices is another factor that
plays an important role in vortex dynamics and leads to
interesting phenomena. In homogeneous systems, one of
the most impressive sights occurs when two same-sized
vortex rings placed front to back moves together in the
same direction by leapfrogging through each other [37].
When one of the rings is helically wound initially, the
centreline helicity varies considerably, and the leapfrog-
ging motion occurs due to the stretching and compressing
of the helical ring [2, 24]. However, the reconnections do
not occur between these independent rings.
At sufficiently low temperatures, the macroscopic be-
havior of a trapped BEC with N atoms is well charac-
terized by the Gross-Pitaevskii (GP) equation, which is
useful for studying topological vortex excitations:
i~
∂ψ
∂t
=
(
− ~
2
2m
∇2 + Vtr (r) + g |ψ|2
)
ψ, (1)
where ψ is the wave function, the coupling constant g =
4pi~2as/m is related to the s-wave scattering length as of
the atoms, and m is the mass of the atoms. In this study,
we use an isotropic harmonic trap Vtr (r) = mω
2r2/2,
where ω is the trap frequency. The oscillation length of
the trap and unit of time are a0 =
√
~/mω and t0 = 1/ω,
respectively.
In our simulations, the isotropic trap frequency is
ω = 2pi × 75 Hz. The bulk s-wave scattering length
as = 5.4 nm and the mass m = 1.443 × 10−25 kg for
the 87Rb BEC. We use a0 =
√
~/mω and t0 = 1/ω as
the units of length and time, respectively. In the calcu-
lations, 151 × 151 × 151 grids with steps ∆x = ∆y =
∆z =
√
2a0/10 are used in a uniformly discretised phys-
ical space. A small time step, ∆t = 0.001t0, is chosen to
ensure the accuracy of the results. The temporal evolu-
tion of the superfluid order parameter was computed by
numerically integrating the Gross-Pitaevskii equation us-
ing the Crank-Nicolson method and fourth-order Ronger-
Kutta method, which give quantitative agreement.
In a spherically trapped condensate, two unperturbed
vortex rings of similar size can undergo leapfrogging mo-
tion back and forth without reconnections. This pro-
cess occurs when only one vortex ring is perturbed by
Kelvin waves. In a trapped condensate, when the min-
imum distance between the vortices reaches the order
of the Thomas-Fermi radius RTF for the shortest direc-
tion in the condensate, the vortices start to rotate to ar-
range themselves in an antiparallel orientation, followed
by reconnection in a direction orthogonal to their mutual
alignment before final separation [31, 38]. This process
is a general characteristic of reconnection events, even in
DNA biology [17, 39]. The initial relative orientation and
velocity of the vortex lines are crucial factors that influ-
ence the evolution of the vortices in a trapped conden-
sate [31, 40]. The objective of the study is to create knots
or links of different topological types in a trapped con-
densate. Thus, we begin with two separated vortex rings
perturbed by helical Kelvin waves of a given amplitude
and azimuthal wave number to ensure that reconnections
occur.
We label links and knots using the generalized
method proposed by Scott and Dror called ‘Knot Atlas’
(http://katlas.org). The first topologically non-trivial
knot is the trefoil knot K3-1 with a crossing number and
topological writhe of nc = 3 and nw = 3, respectively.
For links, the second non-trivial link is Solomon link L4a1
with nc = nw = 4. In the following paragraph, we use
these two topological structures as examples to describe
our scheme for generating knots and links with different
topologies.
A vortex ring is formed by a loop in a vortex line.
Suppose that a vortex ring is initially placed on the
xOy plane and symmetrically rotated about the z-axis;
in this case, it can be considered as an assembly of
2D vortex dipoles in the rOz plane. A sufficiently ac-
curate description of a two-dimensional vortex centred
at the origin of the rOz plane is given by the wave
function ψ2D (r, z) =
√
ρ (l) exp [iθ (r, z)], with ρ (l) =
l2
(
a1 + a2l
2
)
/
(
1 + b1l
2 + b2l
4
)
, θ (r, z) = atan2 (z, r),
r =
√
x2 + y2, and l =
√
r2 + z2, where aj and bj are
constants, and atan2(...) is the extension of the arct-
angent function with a principal value in the range of
(−pi, pi]. The vortex rings modified by Kelvin waves
with periodic distortion can be initialised by a three-
3FIG. 1. Initial state and geometric evolution from vortex rings to a trefoil vortex knot. a, b Schematic diagram of a vortex ring
perturbed by Kelvin waves with wave number n = 3. The unperturbed red ring is used as a reference. c, d, Example of the
density isosurface of a trefoil vortex knot in a spherical condensate and a cross section of the corresponding phase distribution.
e-h, Four successive typical snapshots that show how two distorted vortex rings tie into a K3-1 trefoil vortex knot and then
break up again. The trefoil vortex knot emerges at 1.0t0 and decays at 3.2t0. The initial radii and the minimal distance of
the upper and lower vortex rings are R1 = 2.0a0, R2 = 2.3a0, and dmin = 1.0a0, respectively. The amplitudes of the Kelvin
waves for the upper ring are Bxy1 = 0.8a0 and Bz1 = 0.3a0, and for the lower ring, Bxy2 = 0.4a0 and Bz2 = 0.2a0. The initial
relative angle between the rings is α = pi/3, as shown in (e).
dimensional wave function
ψ3D (x, y, z) =ψ2D {r −R1 −Bxy1sin[nθ (x, y) + nα],
z − Z0 −Bz1cos[nθ(x, y) + nγ]}×
ψ∗2D {r +R1 −Bxy1sin[nθ(−x,−y) + nα],
z − Z0 −Bz1cos[nθ(−x,−y) + nγ]}×
ψ2D {r −R2 −Bxy2sin[nθ (x, y)],
z + Z0 −Bz2cos[nθ(x, y)]}×
ψ∗2D {r +R2 −Bxy2sin[nθ(−x,−y)],
z + Z0 −Bz2cos[nθ(−x,−y)]} (2)
where Bxyj and Bzj (j = 1, 2) are the amplitudes in the
radial and axial directions of the Kelvin waves applied
for the jth vortex ring, respectively, and n is the wave
number of the Kelvin wave perturbations for both rings.
The initial rotation of the upper vortex ring around the
z-axis is given by α, and γ is the angle of inclination with
respect to the unperturbed ring. Then, the minimal off-
set between the two rings is dmin = 2Z0−Bz1−Bz2. The
symmetrical placement of the two coaxial rings with re-
spect to the xoy-plane results in n pairs of points between
the two rings with the same distance dmin.
In superfluid systems without fluctuations, the recon-
nection of those points with a minimum distance occurs
simultaneously. In Ref. [2], the simultaneous reconnec-
tions during the dissolution of knots reduced the com-
plexity of the topology. In Ref. [4], distortions were ap-
plied to nots/links, and simultaneous reconnections were
avoided during the untying process.
Figures 1a and b show the relevant parameters for per-
turbing a vortex ring using helical Kelvin waves, where
R0 is the radius of the unperturbed ring, shown in red;
Bxy and Bz are the amplitudes of the Kelvin perturba-
tions in the xOy plane and z direction, respectively; and
dmin is the minimal initial offset between the two rings
along the propagation axis. If dmin is not specially given,
we set dmin = a0. The relative angle α between the rings
is shown in the subplot of Fig. 1e. Two perturbed rings
with radii less than the equilibrium radius [41] and the
same winding number move in the same direction. The
advantage of this system is that it has a well-controlled
initial state that can be created within a spatially con-
fined region, and reconnection occurs naturally due to the
different velocities and perturbations of the vortex rings.
In addition, the initial parameters can be easily adjusted,
which allows us to study the lifetime of the knots/links
generated. Figures. 1c and d show the isosurface and cor-
4FIG. 2. Generation of a L4a1 Solomon vortex link. a-f, Six successive snapshots that show how two perturbed vortex rings
with Kelvin wave number n = 4 evolve into the L4a1 vortex link and then break up again. The link appears twice between
0.7t0 and 0.8t0 (c) and between 1.1t0 and 2.5t0 (e). All other parameters are the same as those in Fig. 1.
responding phase distribution of the trefoil structure in
our system as an example.
III. RESULTS
A. Generation of a trefoil knot
To generate a trefoil structure, the rings are initially
perturbed by helical Kelvin waves with an odd wave num-
ber, n = 3, co-propagating in the z direction in our sys-
tem. Simulations are performed with the initial radii of
the vortex rings set to R1 = 2a0 (blue radius at the top)
and R2 = 2.3a0 (green radius at the bottom), as shown
in Fig. 1e, and the initial positions of the two rings in
the z direction are z = 0.75a0 and z = −0.75a0, respec-
tively. We note that the ranges of the radii of the initial
vortex rings are limited because small rings cannot re-
solve the sound pulse and large rings require many grid
points [42]. By chosen appropriate parameters, we ensure
that the top ring has a higher velocity than the bottom
ring, which is an important factor for the association of
the two rings. We note that the interaction between rings
dominates in our system configuration.
A typical time sequence that illustrates the collision
and connections of the initial unlinked vortex rings in
Figs. 1f-h shows some typical topological structures that
form during the evolution. As the radii of the rings
stretch and shrink during the movement of the rings
along the z-axis, the top ring catches up with the bottom
ring, and connections occur at approximately t = 0.9t0
via three simultaneous reconnection events, as shown in
Fig. 1f. A trefoil knot K3-1 with a clear structure and
propagation direction identical to that of the initial un-
linked rings appears in the condensate cloud, as shown
in Fig. 1g. The trefoil knot exists in the z < 0 space from
t = 1.0t0 to t = 3.2t0. At approximately t = 3.3t0 the
knot breaks up via three simultaneous self-reconnection
events, as shown in Fig. 1h, before decaying into two in-
dependent rings. In this case, the bridge structures in
Figs. 1f-h are formed through topology-changing recon-
nections, which alter the topology of the system. In Sup-
plementary Movie 1, we show the time evolution of the
vortex structures with another set of initial parameters
that yield longer lifetime of the trefoil knot.
B. Generation of a Solomon link
If the wave number of Kelvin waves is chosen to be an
even number, n = 4, the vortex link L4a1 (Solomon link)
is generated via collisions and reconnections of the un-
linked vortex rings as shown in Fig. 2. All the other initial
conditions are the same as those used in Fig. 1a. During
evolution, the rings perturbed by Kelvin waves distort
and reconnect at approximately t = 0.6t0, as shown in
Fig. 2b. In Fig. 2c, we show that at t = 0.7t0, the link
5FIG. 3. Torus vortex links/knots generated with crossing number up to n = 9. a L2a1 link at 2.0t0. b K5-1 knot at 1.5t0. c
L6a3 link at t = 1.5t0. d K7-1 knot at t = 1.5t0. e L8a14 link at 1.2t0. f K9-1 knot at 1.0t0. g Standard torus links and knots
with crossing number up to 9 for KnotPlot Software configurations. All parameters are the same as those in Fig. 1, except for
the Kelvin wave number, which equals the crossing number of the knots or links.
L4a1 is generated in the trapped condensate for the first
time after the free evolution of the initial rings. How-
ever, the link configuration is unstable, and another re-
connection event occurs at t = 0.9t0, as shown in Fig. 2d.
Then, the bridge structure evolves into a vortex link at
t = 1.5t0, and this link survives much longer than the pre-
vious one; another bridge structure appears at t = 2.6t0,
as shown in Fig. 2f, and then unties to form two highly
distorted vortex rings (also see Supplementary Movie 2).
We can clearly see that the combination of the vortex
rings and the reconnection of the link L4a1 occur through
intermediate events with the bridge structures of four si-
multaneous reconnections, as shown in Figs. 2b, d and
f.
C. General cases of knots and links
In our dynamic process, two types of reconnections
exist: topology-changing and topology-conserving recon-
nections. As shown in Figs. 1f and h and Figs. 2b and
f, the states are topology-changing reconnections, that
is, two bridge states for the transitions between different
topologies. The state shown in Fig. 2d is classified as a
topology-conserving reconnection because the before and
after states are all links. The same topology can be ob-
tained with very different geometries. In this paper, we
show that for states with the same topology, the geom-
etry is a crucial factor that determines the next step in
the evolution. Although the bridge states in Figs. 1f and
h have the same topology and reconnection mechanism,
they correspond to inverse dynamical processes.
Notably, the values of the number of the reconnection
points, the wave number of the Kelvin waves used to per-
turb the vortex rings, the crossing number, and the topo-
logical writhe of the knot/link generated are the same in
our cases. A general rule can thus be discerned: the type
of topology generated by two perturbed rings, a knot or
a link, is only determined by the parity of the wave num-
ber of the Kelvin wave perturbations, which is related to
the crossing number and topological writhe of the knots
or links generated. Following this rule, we can obtain
any type of torus knot or link. Examples with crossing
number up to 9, except for 3 and 4, which have already
6FIG. 4. Stability analysis of knots/links. a-b Lifetime of a knot or link as a function of the Kelvin wave number n and the
relative angle α between the vortex rings. c From left to right are the lifetime of trefoil knot K3-1 as a function of the radius
of the lower ring R2, the radial amplitude of the Kelvin waves of the lower ring Bxy2, the axial amplitude of the Kelvin waves
of the lower ring Bz2, and the initial offset between the two rings dmin. d The same dependent parameters as in (b) for the
lifetime of the Solomon link L4a1. In all plots, the initial parameters for the upper ring are the same as those in Fig. 1.
been discussed, are shown in Figs. 3a-f, and the types
of knots or links obtained are L2a1, K5-1, L6a3, K7-1,
L8a14 and K9-1. The standard configuration of torus
knots and links are shown in Fig. 3g.
IV. DISCUSSION
A. Stability of knots and links generated
Knots and links with high crossing number are much
more unstable than those with low crossing numbers. As
the wave number of helical Kelvin waves increases, the
instability of the vortex ring itself increases [35], and the
decreasing lifetime of the ring, which in turn decreases
the lifetimes of the generated knots/links. For n > 6,
the knots/links created decay rapidly. In Ref. [43], ba-
sic topological counting rules were developed to estimate
the relative stability of frequently encountered knots and
tangles. In Fig. 4a, we show the lifetime of the vor-
tex knots/links generated with crossing numbers ranging
from 3 to 6. The variation of the lifetime of a trefoil knot
with the initial relative angle α between the two vortex
rings is shown in Fig. 4b. Our study shows that there is
an ideal angle α = pi/n for the knots/links with crossing
number n that yields a stable state. The blue regions
give the time periods when the knot/link survives. The
effects of other parameters, such as the initial radius of
the bottom ring R2, the planar amplitude of the Kelvin
waves Bxy2, the vertical amplitude of the Kelvin waves
Bz2, and the initial offset dmin on the lifetime of the gen-
erated knots and links are analysed. The results for the
trefoil knot (K3-1) are shown in Fig. 4b and those for the
Solomon link (L4a1) in Fig. 4c. When studying the ef-
fects of one parameter, all the others parameters are held
constant. Among these parameters, by choosing an ap-
propriate value of the initial offset dmin, the topological
structure we want can exist much longer, as shown in the
last column in Fig. 4. In a system with a homogeneous
background, the intensity of the collision of the collision
of vortex rings moving towards each other depends on
dmin [42]. The smaller the offset is, the more violent the
collision is, which induces more energy loss during the
reconnection process and decreases the energy of the cre-
ated topological objects. However, there is a threshold
for the value of the offset that makes the reconnection of
two rings possible.
For the initial radii of the rings, similar values of R1
and R2 make reconnection easier, which results in a
longer lifetime for the knots and links. We found that
the larger the relative planar distortion of the rings (Bxy)
is, the longer the lifetime of the knots/links is, and the
effects of vertical distortion Bz on the knots and links
varied.We note that there should be a set of optimal ini-
tial parameters for generating a knot/link with a lifetime
as long as possible. The number of events associated
with generating or breaking up knots/links also depends
on the initial condition chosen. The possibility of links
appearing is twice as high as that for knots. However, the
lifetimes of the first appearance are all quite short. To
ensure that there are no connections between the vortex
structures and the condensate surface for all parameters,
we limit the time period to 4t0. Supplementary Fig. S1
and Movie 1 show some long-time dynamics.
B. Length of the vortex structures
To quantify the vortex dynamics, we compute the vor-
tex length as a function of time as shown in Fig. 5. A
linked or knotted vortex structure must stretch to expand
as it unties in a homogeneous system without bound-
7FIG. 5. Length L of the vortex structures as a function of time t. a-d, Unlinking with perturbations by Kelvin waves with
wave number n = 2, 3, 4, 5, respectively. The dashed blue lines indicate the transitions between different topologies. The
red open circles indicate the time period when a knot/link (colored patterns) can be clearly identified, and the green circles
represent the topology-conserving reconnections.
ary [4]. In a harmonic trap, when a vortex ring moves
from a high density region towards a low density region,
the radius of the ring increases gradually [41]. The varia-
tion in length reflects the complex interacting process of
vortex structures in a harmonic trap. During the unty-
ing process of rings/links, the length of these structures
increase. However, the decrease in the vortex length dur-
ing the formation of knots/links is not obvious because
this length also increases when these structures move to-
wards the edge of the condensate cloud. Between differ-
ent topologies, the lengths of vortex structures, except for
topology-conserving intermediate structures, vary con-
siderably.
C. Pathways of topological transitions
In the above discussions, the initial vortex rings are
all coaxial, and all the reconnections at different points
on the vortex rings occur simultaneously, which results
in rings-knot-rings and rings-link-rings transitions. How-
ever, the simultaneous reconnections do not affect the in-
trinsic physics; that is, a transition can develop in both
directions between a complex topology and a simple topo-
logical in a confined system. In the Supplementary mate-
rial, we show that by further deforming the initial rings or
changing their relative positions, the sequence of recon-
nection events can be controlled. New pathways of the
topology transition are provided, such as rings-link-knot-
link-rings and rings-link-ring-link-rings, through succes-
sive reconnections, even though the wave number of the
Kelvin perturbations n is odd (Supplementary Fig S2),
which provides further evidence of the transition between
a simple topology and a complex topology in both direc-
tions.
V. CONCLUSION
In conclusion, we find that torus vortex knots/links
can be generated through reconnection of vortex rings in
a confined superfluid BEC. Notably, even Kelvin wave
numbers produced links and odd Kelvin wave num-
bers produced knots. In a trapped system, the tran-
sition between trivial and complex topologies occured
in both directions, while in homogeneous systems with-
out boundaries, vortex knots/links untied monotonically,
which simplified their topology at each step [1, 2, 24].
The trapping potential and Kelvin wave perturbations
played synergistic roles in forming and stabilizing vortex
knots/links. In supplementary material, we also show
that all these results can be achieved in a BCE system
with a box trapping potential. The simplicity and ro-
bustness of our method provide a new framework for
discovering knots/links with complex topologies, which
might be of great interest in the strategic design of topo-
logically complex structures with chemical and biological
molecules, and in understanding the evolution and mech-
anisms of confined turbulent systems.
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